In the present paper, we propose a new way to classify centrosymmetric metals by studying the Zeeman effect caused by an external magnetic field described by the momentum dependent g-factor tensor on the Fermi surfaces. Nontrivial U(1) Berry's phase and curvature can be generated once the otherwise degenerate Fermi surfaces are splitted by the Zeeman effect, which will be determined by both the intrinsic band structure and the structure of g-factor tensor on the manifold of the Fermi surfaces. Such Zeeman effect generated Berry's phase and curvature can lead to three important experimental effects, modification of spin-zero effect, Zeeman effect induced Fermi surface Chern number and the in-plane anomalous Hall effect. By first principle calculations, we study all these effects on two typical material, ZrTe5 and TaAs2 and the results are in good agreement with the existing experiments. arXiv:1910.01378v1 [cond-mat.mes-hall] 
INTRODUCTION
How does a condensed matter system response to an external magnetic field is one of the key properties signaling its low energy electronic structure. For metallic systems, most of the magnetic responses, such as quantum oscillation spectrum, magneto resistance and Hall effects, are determined by the Bloch states at the Fermi surfaces(FS) only, where in nonmagnetic centrosymmetric metals the effects caused by the magnetic field can be ascribed to two types, the Zeeman effect that splits the otherwise degenerate bands and the orbital effect that leads to Landau levels. Without magnetic field, due to the time reversal and inversion symmetries, the Fermi surfaces always have two fold degeneracy and the Berry's connection in this case is SU(2) and traceless. Once a magnetic field is applied, the Zeeman effect described by a momentum dependent 2×2 g-factor tensor will split the doubly degenerate FS into two separate ones, with each one of them being treated as a non-degenerate system carrying ordinary U(1) Berry's connection (curvature), which is crucial to determine the low energy dynamics of the Bloch electrons around the FS. Most importantly, the Zeeman effect induced U(1) Berry's curvature could be very large in metals with large spin orbital coupling and leads to several interesting physical phenomena, which have been overlooked for decades.
In general, for such systems the Zeeman effect are described by the g-factor tensor which can be expressed as a momentum dependent vector valued 2×2 matrix g(k). As discussed in detail previously [1] [2] [3] , the renormalization of the g-factor tensor from its vacuum value as well as its k-dependence are both caused by the high energy bands through the down folding process, or equivalently due to the effective screening process for the diamagnetic current. After down folding to the lowest bands forming the FS, the Zeeman effect induced Berrys connection can be fully determined by the g factor tensor g(k) and the original SU(2) non-Abelian Berrys connec-tionÂ(k) on the FS. Such Zeeman effect induced Berrys connection can lead to many interesting physical phenomena. First of all, the induced Berrys connection will contribute a phase to the quantization condition for Landau orbits, which can be detected directly by the quantum oscillation spectrum [4] [5] [6] . As will be introduced below, such additional phase will strongly modify the "spin-zero effect [7] in these materials, in which the amplitude of quantum oscillation will vanish completely at some special angles determined by the Zeeman effect. In traditional materials, the "spinzero" angles are fully determined by the splitting of the areas enclosed by Landau orbits for two different "spin" [7] . While, for metals with strong spin orbital coupling these "spin-zero" angles acquired considerable contributions from Zeeman induced Berry's phases accumulated on two different Landau orbits, which will greatly change the "spin-zero" angles. Secondly, the Zeeman induced Berrys curvature will contribute to the Hall effect in addition to the ordinary Lorentz force, which has the same origin with the anomalous Hall effect [8] [9] [10] in the ferromagnetic metals. When the magnetic field is applied within the plane, the Lorentz force can be neglected and such a in-plane anomalous Hall effect is mainly contributed by the Zeeman effect induced Berrys curvature and can be quite pronounced in some materials as shown below. Last, most interestingly, such Zeeman induced Berrys curvature can be integrated over each particular closed FS and leads to topological metal phase [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] under the magnetic field if such integrations reach nonzero integers. In such cases, these otherwise degenerate FS will split into two with opposite nonzero Chern numbers, which will lead to similar chiral magnetic effect [21] [22] [23] and negative magneto-resistance [24] [25] [26] as those Weyl semimetals.
In the present paper, we will first introduce the general theory for the Zeeman induced Berry's connection in nonmagnetic centrosymmetric metals. After that, we will take ZrTe 5 and TaAs 2 as two typical examples to introduce the "spin-zero" effect, in-plane anomalous Hall effect and the field induced topological metals in these material systems.
THEORY
In nonmagnetic centrosymmetric systems, the Bloch states are always doubly degenerate at any k point, which is guaranteed by the combination of time reversal and space inversion symmetry PT . There is a SU(2) gauge freedom stemming from the degenerate subspace at each k point, and the non-Abelian traceless Berry connection A aa (k) = i ψ a |∂ k ψ a and Berry curvatureF (k) = ∇ k ×Â − iÂ ×Â can be defined, which determines the low energy dynamics for the quasi-particles near the Fermi level. Under an U(2) gauge transformationÛ (k), the above Berry's connection and curvature are transformed in the following way [27] :Â =Û †ÂÛ + iÛ † ∂ kÛ , F = U †F U . When magnetic field is applied, the Zeeman's couplingĤ z aa = µ Bĝaa (k) · B will break the time reversal symmetry and split the degenerate states. In this case, the Berry connection reduces to U(1) and can be obtained from the the previous SU(2) Berry's connection A(k) and a specific SU(2) matrixÛ (k) which diagonalize the Zeeman's coupling at each particular k point as
with the ± sign representing the two branches of bands after splitting. Since the original SU(2) Berry's connectionÂ(k) is traceless, we always have A + = −A − . Details about the properties of SU(2) Berry's connection under PT symmetry are given in Appendix A. It is worth emphasizing that the U(1) Berry's connection A ± (k) is determined not only by the topological features of the degenerate band structure before the Zeeman splitting, the SU(2) Berry's connectionÂ(k), but also by the topological structure hidden in the k-dependent g-factorĝ(k). Therefore, to determine the topological features of a metallic system with Zeeman splitted FS, the dependence of the g-factor on the FS is essential.
In solid state systems, not only the spin but also the orbital responses contribute to the g-factor. The spin contributionĝ s can be calculated directly from the corresponding Bloch functions. In our previous paper [3] , we have already developed the computational method to compute the orbital contributionĝ o , which will be briefly sketched here. Around the wave vector K, the "bare" k·p Hamiltonian has the form [28] H nn = δ nn n +
An unitary transformation can be obtained by the quasidegenerate perturbation to decouple the subspace we focus on (called "low-energy subspace") from all the other bands (called "high-energy subspace") [28, 29] H mm = δ mm m + 2 k 2 2m e +v mm · k
, where the index m,m are the band indexes for the low-energy subspace, and l is the band index for the high-energy subspace.
In the presence of magnetic field, according to Perierls substitution the momentums k i should be replaced by the canonical momentum operators k i → −i∂ i + e A i , where A i is the vector potential.
Hence k i k j → −i∂ i + e A i −i∂ j + e A j , which can be decomposed into a gauge dependent symmetric component 
wherê
Here e k is the unit direction vector. The corresponding g-factor contributed by the spin part can be obtained straightforwardly asĝ s mm = 2 ψ m |ŝ|ψ m , whereŝ is the spin operator.
VANISHING QUANTUM OSCILLATIONS
The first observable that manifests the momentum and field direction dependence of the Zeemans coupling is the "spin-zero" effect [7] , where the Shubnikov-de Haas Oscillation(SdH) or De Haas Von Alphen (dHV) effect vanishes when the field is applied along some special directions. The SdH or dHV effect is the oscillation of the resistance or magnetic susceptibility that occurs under magnetic field. According to the Lifshitz-Kosevich formula, in the semiclassical limit the oscillations contributed by one FS are expressed as ∆ρ(B) ∝ ex cos( S ex /eB + γ + φ), where S ex is the area of the extreme cross-section for the FS along the magnetic field, φ is the Berry phase over the boundary of the extreme cross-section ∂S ex , the extra phase γ equals −π/4 or π/4 for maximum or minimum extreme cross-section respectively and the sum is over the different extreme crosssection area. A striking effect, called "spin-zero" effect, manifests itself as the vanishing of quantum oscillations at some certain field directions, could happen when the doubly degenerate FS split into two under the Zeeman effect and thus contribute two oscillation terms with slightly different frequency and phases. More specifically, the Zeeman effect described by the g-factor tensorĝ(k) leads to not only the splitting of the cross-section area S ex = S 0 ex ± αB but also an extra splitting U(1) Berry phase ±φ as we introduced above. Hence, by applying the sum-to-product identity, the total oscillations of the two splitting FS are expressed as
,where
Here χ = −1 for electron-like valley, χ = 1 for hole-like valley, (k) is the band energy of FS states at k, φ is the Berry phase accumulated along one of the splitted FS's extreme area and e B is the direction of the magnetic field. The last part of Eq.(7) R s = cos( α e +φ) is the amplitude of oscillations which depends on the direction of magnetic field. The "spin-zero" effect would happen at certain field directions where R s equals zero. We would emphasize that for materials with strong SOC in order to obtain the right field direction for the "spin-zero" effect one has to compute both the coefficient α (for the FS area splitting) and φ (for the U(1) Berry phase splitting). As shown in Eq.(8) and (9) , both of them can be obtained from the k-dependent g-factor tensor on the FS (Details about the k-dependent g-factor tensor are given in Appendix B).
The narrow gap semiconductor ZrTe 5 , which only has small ellipsoid FS around the Γ point and shows strong anisotropy [30] [31] [32] [33] , is an ideal platform to study the "spinzero" effect. With the parameters given in Ref. [3] , we calculate the oscillation amplitude factor of the oscillation R s for all the field directions as illustrated in Fig.1 , from which we can obtain the angles of "spin-zero" which are summarized and compared with experiments [34] in Table. I. The theoretical results are consistent with the experimental results only when the Berry phase contributions are included. If we only consider the splitting of FS area, the corresponding results can't fit the experimental data even qualitatively. Numerical calculations of the direction dependence of oscillation amplitudes factor Rs(eB) based on GGA parameters given by Ref. [3] with Fermi energy µF = 0.026 eV(µF = 0 eV is at the middle of the gap) in ZrTe5. Oscillation amplitudes with Berry phase contribution (a) and without Berry phase contribution (b) are plotted individually. The angular for vanishing quantum oscillation are indicated by bold red line. And the angles measured in Ref. [34] are indicated by green dotted line. We only keep linear approximation of k because of the tiny FS in ZrTe5. Inset is a schematic illustration of the geometry for axes. The FS is an ellipsoid with principal semi-axes ka=0.118 nm −1 ,k b =0.666 nm −1 and kc=0.153 nm −1 which agrees well with the experiments [34] . 
Schematic diagrams for the mechanism of topological phase transition induced by the Zeemans coupling. The ellipses represent Fermi surfaces in a plane of momentum space. When there is no magnetic field, the PT symmetry make the states doubly degenerate indicated by bold curve in (a). In the presence of magnetic field, the Zeemans coupling splits the degenerate states and Fermi surfaces split into two. For some directions of magnetic field, the Chern Number of both Fermi surfaces are zero as shown in (b) and there is no Weyl point enclosed by the Fermi surfaces. For other directions of magnetic field, the Fermi Surfaces have opposite non-zeros Chern Number as shown in (c) and there is a Weyl point enclosed by the Fermi surfaces. Here we only plot the most common and simple case.
IN-PLANE HALL EFFECT AND FIELD INDUCED TOPOLOGICAL METALS
In the presence of magnetic field, the Zeeman effect splits the degenerate states into |Ψ ± (k) with splitting energy ±∆ z . The Chern Numbers defined on each splitted Fermi surface are well-defined topological invariances that characterize the topological nature of that particular metal under magnetic field. We can calculate the Chern Numbers of all the Fermi Surfaces with Willson loop method after including the Zeeman effect described by the g-factor tensor introduced previously. It is easy to prove that such FS Chern numbers will be only determined by the direction of the field and in general they can vary with the field direction, which defines the "topological phase transition" on the FS. A schematic plot of Zeeman effect induced non-zero Chern Number on FS is shown in Fig.2 . Theoretically, classifications of topological metals with PT symmetry has been studied in Ref. [35] . Experimentally, the nonzero Chern numbers on FS will lead to similar chiral anomaly phenomena [24, 26] and negative longitudinal magnetoresistance [36, 37] , which has been observed already in some of these materials [25, 38] .
Another way to manifest the Zeeman effect induced Berry phase and curvature on the FS is to look at the anomalous Hall effect, which is the Hall effect caused not by Lorentz force but the Berry curvature around the FS. In order to minimize the interference from the Lorentz force, which exists for generic setup, it is better to apply the field within the plane of the experimental setup for the Hall measurement. Generally, anomalous Hall coefficient(AHC) can be expressed by the integral of Berry curvature over the Brillouin zone [8, 39] as
Here, F k n (k) represent the Berry curvature of the nth band in k direction at k wave vector and ε ijk is the Levi-Civita notation. At zero magnetic field, the two degenerate states with opposite Berry curvature will be always both occupied or unoccupied and their contribution will cancel each other. With the presence of magnetic field, the Zeeman effect will split these states and the net contribution to the AHC comes from a thin shell near the FS where only one of these otherwise degenerate states is occupied. Using the k-dependent g-factor tensor introduced above, we can express the AHC as
Here, B is the strength of the magnetic field, F k + (k) represents the Berry curvature of splitted state |Ψ + (k) and the definition of χ, e B and (k) is same as Eq. (8) . In particular, if the direction of magnetic field e B is in the ij plane, we will get the in-plane AHC, in which the voltage, current and magnetic field are all in the same plane.
In the present study, we take TaAs 2 , an topological trivial semimetal with a number of tiny Fermi pockets, as a typical material example for the Zeeman effect induced FS Chern number and in-plane anomalous Hall effect. TaAs 2 crystallizes [40] in monoclinic structure with centrosymmetric space group of C2/m(No.12) as shown in Fig.3(a) . It has a binary axis (two-fold rotation symmetry) along y direction and a mirror plane perpendicular to y direction. We performed the first principle calculations by using the generalized gradient approximation (GGA) for the exchange-correlation functional with the Vienna ab-initio simulation package(VASP). The cutoff energy for basis set is 400 eV and k-point sampling grid is 9 × 9 × 7.
The calculated electronic structure of TaAs 2 are shown in Fig.3(c)(d) . Without SOC, the band structure of TaAs 2 contains a number of nodal lines, which is similar with TaAs. When the SOC is turned on, due to the presence of inversion symmetry, a complete gap will be opened on all the line nodes and the band structure has been checked to be completely trivial in contrast to its cousin TaAs. Since the conduction and valence bands are still overlapping after including the SOC, TaAs 2 becomes a typical trivial semimetal with compensating electron and hole pockets. Around each pockets, the effective k ·p models are 4×4 and can be generically described by a anisotropic Dirac equations with tiny mass terms (comparing to the chemical potential) leading to strong coupling between the conduction and valence bands, which is the microscopic origin for the strong k-dependent g-factor tensor. The Fermi surface plot in Fig.4 clearly shows that totally there are 9 FS in the first Brillouin zone, which can be divided into four non-equivalent types according to the crystal symmetries. From the first principle results, we can construct the second order k·p model Hamiltonian near the centers of each FS together with the k-dependent g-factor tensor, with which the FS Chern numbers after the Zeeman splitting have been calculated and shown in Fig.5 . (Details of our calculations are given in Appendix B) We find that indeed there are topological phase transitions in this material when we vary the direction of magnetic field. Please be noticed that the zero Chern Number of Hole-1 for all field directions is ensured by the inversion symmetry. For those FS with nonzero
Chern numbers under the magnetic field, we have confirmed that there are Zeeman effect induced Weyl points enclosed within these FS. These Weyl points may contribute to negative magneto-resistance which has already been found in TaAs 2 [41, 42] x y We also calculated the in-plane anomalous Hall coefficients of TaAs 2 in xy, yz and zx planes. By considering the crystal symmetries, the only allowed in-plane anomalous Hall coefficients are λ xy (ê x ) and λ yz (ê z ), which are plotted in Fig.6 as the function of chemical potential. We find that significant magnitude of in-plane anomalous Hall effect can be realized in TaAs 2 . Interestingly, the sign of such in-plane anomalous Hall coefficient keeps unchanged even when the carrier type changes from n to p as the function of chemical potential, which is qualitatively different with the ordinary Hall effect caused by Lorentz force.
SUMMARY
In summary, we have proposed that the Zeeman effect caused by the external magnetic field can be in general described by k-dependent g-factor tensor, which can Hence for little group at any wave vector k there is at least one generator named PT , and the representation is (14) or equivalently in matrix form
where PT |ψ i (k) = |ψ j (k) D ji (PT ). Under an unitary transformation U ∈ U(2), the representation of D(PT ) transforms as following
where |ψ i = |ψ j U ji . Here we want to emphasize that the conjugate operation in Eq.(16) comes from the antiunitary property [43] of time reversal operator T . Furthermore, we can divide the U(2) matrix U into SU(2) part and U (1) part aŝ 
where
By applying the antiunitary property and representation of PT , we can prove that
Hence the Berry curvature
By saying the k·p Hamiltonian satisfy the PT symmetry, we mean PT H(k) = H(k)PT which in matrix form means that
Similarly the Zeeman's coupling satisfy the PT symmetry means that
Here the minus sign comes from that under PT operation the magnetic field reverse the direction B → −B Appendix B: The k·p Hamiltonian and 2×2 g-factor tensorĝ(k) calculations
Now we discuss the first principle calculation of nonmagnetic centrosymmetric semimetals specifically. To balance the accuracy and the efficiency of the calculation we take the two-step down folding process as introduced below.
As shown in Eq.(6), theĝ(k) is inversely proportional to the energy difference m − l between the low-energy subspace and the high-energy subspace. And as shown in Fig.3(d) , for semimetals like TaAs 2 , the FS contains a number of electron or hole pockets, which are called "valleys" in this paper. For each valley, we can choose the lowest conduction and highest valence bands as the lowenergy subspace (all the rest bands as the high-energy subspace) for the first step and construct the 4×4 k·p model near the valley center K. Since within each valley, the average energy distance between the high energy and low energy bands are much bigger than the band dispersion, we can safely approximate the g-factor tensor by a k independent constant for the 4×4 model.
Here, in particular, we take the representation of the PT as following
By applying Eq. (22) , we find that the Hamiltonian has the following form
where Ω(k), ∆(k) and Λ µ (k) are real functions of k, µ = 0, 1, 2, 3 and σ µ are Pauli matrixes except σ 0
And for f = Ω, ∆, Λ µ the k dependence has the following form
The corresponding 4×4 g-factor matrix has the following form (Here we have included the spin contribution in the low-energy subspace and orbital contribution from the high-energy subspace)
The corresponding parameters for ZrTe 5 are summarized in Ref. [3] and parameters for TaAs 2 are summarized in Table.II and Table. III. All these parameters are obtained by first principle calculation introduced in the main text and Ref. [3] . The eigenvalues of k·p Hamiltonian is
And the unitary transformation which can diagonalize the k·p Hamiltonian iŝ
Now we take the second down folding process. Around any wave vector k, the k·p Hamiltonian in linear approximation transformed by the unitary transformationV (k) at k has the following form
= m (k)δ mm +ṽ mm (k) · ∆k (32) whereṽ(k) =V † (k) ∂Ĥ(k) ∂kV (k), 1,2 = − (named holelike bands), 3,4 = + (named electron-like bands). Then the g-factor for hole-like (electron-like) bands contributed by the electron-like (hole-like) bands can be calculated with Eq.(6) as following which is k dependent where, for electron-like bands, χ = −1, p, p = 3, 4 and q = 1, 2; for hole-like bands, χ = 1, p, p = 1, 2 and q = 3, 4. Hence the total g-factor iŝ g pp (k) =ĝ (2) 
